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1. Introduction 



Abstract. Symmetric homology of a unital algebra A over a commutative ground ring k has been defined 
using derived functors and the symmetric bar construction of Fiedorowicz, in an analogous way as cyclic, 
■ dihedral or quaternionic homology has been defined. In this paper, it is found that the HS*(A) admits 

' Dyer-Lashoff homology operations, and indeed, there is a Pontryagin product structure making HS*(A) 

' into an associative commutative graded algebra. Some explicit computations are shown in low degree. 

<N 

U 

<_ 

\ Let A be an associative, unital algebra over k, a commutative ground ring. In [T], we defined the symmetric 

homology of A by HS*(A) := Torf s (k, B 3 J> m A), where AS is the cate gory whose objects are the ordered sets 
[n] = {0, 1, . . . , n} for n > 0, and whose morphisms [n] — > [m] are pairs (0, g) such that 4> G Mor A ([«.], [w]) 
and g € £°p™+i - that is, a non-decreasing set map paired with a permutation of the set {0, 1, . . . , n}. We 
found a standard resolution of k by projective AS op -modules, giving the result: 

HS*(A) = H* (k [N(— \ AS)} ® AS Bt ym A) 

We also showed that including the emptyset as an initial object of our category also yields a complext that 
computes symmetric homology: 

HS4A) = H m (ST+A) = H* (k [N(- \ AS+)} AS+ B? rn+ A) . 

' The category AS* + is permutative (pQ, Prop. 4), which becomes crucial in the present paper. 

First, we shall show how the permutative structure of AS + implies that A admits an i^-algebra 
structure. This will be accomplished using various guises of the Barratt-Eccles operad [2], which are all 
"i^oo" in a sense. We induce an operad- module [S] structure on the under-category — \ A5 + to one on the 
level of chains, using strong or lax symmetric monoidal functions [13] . Finally we may define operations at 
the level fc-complexes, following May [7], which imply Dyer-Lashoff homology operations on HS*(A). 



2. Definitions 



We shall fix S n to be the symmetric group on the letters {1,2, ... ,n}, given by permutations a that act 
on the left of lists of size n. i.e., o~.{ix, i-z, . ■ ■ i n ) = (v- 1 (i)> V- 1 (2)i • • • > V-^ri)) ■ Denote by E„ the symmetric 
group on the letters {0, 1, . . . ,n — 1}. 

Recall, a category ^ is called symmetric monoidal category if it comes equipped with a bifunctor : 
c € x — > , a unit object e, and a natural transformation (symmetry transformation) s : — » 0r with 
s 2 = id, where t : X ^€ — > is the functor (A, B) i— > (B, A). Moreover, there are associativity, left unit and 
right unit transformations that must satisfy certain coherence relations. If these transformations are in fact 
identites (i.e., associativity of © is strict, and e is a strict unit), then the category ^ is called permutative [9]. 

Note that coherence of the associativity relation of a symmetric monoidal category implies that the 
notation A x A 2 . . . A n (for objects Ai of ^) is unambiguous. Indeed, for any two choices of grouping 
the expression, there is an isomorphism between the two results, and that isomorphism respects the unit 
and symmetry transformation structure. 

Let S denote the symmetric groupoid as category. Included in S is the symmetric group on letters. The 
objects of S may be labeled by 0,1,2, . . ., and the morphisms of S are automorphisms, Auts(n) := S„ . 
Presently, the definition of operad will be given in detail. 
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Definition 1. Suppose c € is a symmetric monoidal category, with unit e and symmetry transformation s. 
An operad 8? in the category ^ is a functor : S op — > c € , with ^(0) = e, together with the following data: 

1. Structure morphisms r jk,j 1 ,....j k ■ ^(k) ^(ji) ... ^(jk) — * ^{j), where j = X^is- For brevity, 
we denote these morphisms simply by 7. These morphisms 7 should satisfy the following associativity 
condition. The diagram below is commutative for all k > 0, j s >0,i r > 0. Here, T is a map that permutes 
the components of the product in the specified way, using the symmetry transformation s of c € . Coherence 
of s guarantees that this is a well-defined map. 

Associativity: 



k j k I ji + --+js 

^(k) O &Us) © O ^(*r) — &(k) O ( O 

r=ji + ...+j s _i+l 



7©id 0j 



^(i)©0^(v) 



id07 



0fc 



fe / jl+.-.+js 

^(fc)0Q^ *»■ 

8=1 \r=ji + ...+j a _i + l 



E^ 



r=l 



Ol + -..+Jfe 



^ £ ir 



2. A Unit morphism r\ : e — > ^(1) making the following diagrams commute. Here, <!: e0 id^ — > id<^ is 
the left unit natural isomorphism of ^, and r : id<g- 0e^ id^ is the right unit natural isomorphism. r' is 
an iterated right unit map defined in the obvious way, by absorbing each object e of e 03 one at a time. 

Left Unit Condition: 

e &>{j) 

1 




Right Unit Condition: 

&>{j) e Qj — U ^(l) 03 

7 

3. The right action of S n on ^(n) for each n must satisfy the following equivariance conditions. Both 
diagrams below are commutative for all k > 0, j s > 0, (j = J^Js), & G S^ p , and r s G S° p . Here, T CT 
is a morphism that permutes the components of the product in the specified way, using the symmetry 
transformation s. The notation a{ji, . . . , jk) represents the permutation of j letters which permutes the k 
blocks of letters (of sizes ji, J2, • • • jk) according to a, and n ©. . .©Tfc denotes the image of (n, . . . , Tk) under 
the evident inclusion S° p x . . . x S° p ^ S° p . 

Jl Jk J 
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Equivariance Condition A: 

k 



id©T CT 



8=1 



Equivariance Condition B: 



id0nO...0T fc 



^)00^(M.)) 
s=l 



s=l 



0Q%) ^(i) 



Definition 2. For a symmetric monoidal category c <§ with product and an operad £P over a -algebra 
structure on an object X in ^ is denned by a family of maps x '■ S^in) &s„ X Qn — » X, which are compatible 
with the multiplication, unit maps, and equivariance conditions of . Note, the symbol Qs n denotes an 
internal equivariance condition. See [B], [10] for a more detailed definition. 

X(7r.er x x . . . x n ) = x(?r v^i) © ■ ■ ■ © x a -i {n) ) 

If X is a ^-algebra, we will say that 2? acts on X. 

Definition 3. Let 3? be an operad over the symmetric monoidal category and let ^ be a functor 
S op — > A (7e/y HP-module structure on is a collection of structure maps, 

/x: ^(n)0^(ji)0...0^(j„) — ^(ji + ...+j n ), 

satisfying the evident compatibility relations with the operad multiplication of , 
see [5]. 



For the precise definition, 



In the course of this paper, it shall become necessary to induce structures up from small categories 
to simplicial sets, then to simplicial fc-modules, and finally to fc-complexes. Each of these categories is 
symmetric monoidal. For notational convenience, all operads, operad-algebras, and operad-modules will 
carry a subscript denoting the ambient category over which the structure is defined: 



Category 


Sym. Mon. Product 


Notation 


Small categories Cat 
Simplicial sets SimpSet 
Simplicial fc-modules fc-SimpMod 
fc-complexes fc-Complexes 


x (product of categories) 

x (degree-wise set product) 

(degree-wise tensor product) 

(tensor prod, of chain complexes) 


& cat 
■ y ss 

£0 

■ y sm 
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Remark 4. The notation (g>, appearing in Richter |13j . is useful for indicating degree-wise tensoring of 
graded modules: (^4* £g> J3») := A n ®fe B n , as opposed to the standard tensor product (over k) of complexes: 
K, ® := p+g =„ ®* 

Furthermore, we are interested in certain functors from one category to the next in the list. These functors 
preserve the symmetric monoidal structure in a sense we will make precise in Section [3]- hence, it will follow 
that these functors send operads to operads, operad-modules to operad-modules, and operad-algebras to 
operad-algebras. 

(Cat, x) 

N (Nerve of categories) 

(SimpSet, x) 

k[— ] (fe- linearization) 

(fc-SimpMod, §>) 

~N (Normalization functor) 

(/c-Complexes, ®) 

Remark 5. Note, the normalization functor 3\T is one direction of the Dold-Kan correspondence between 
simplicial modules and complexes |13j . 

Remark 6. The ultimate goal of the paper is to construct an structure [7j on the chain complex associated 
with &+A, i.e. an action by an i^oo-operad. While we could define the notion of -Eoo-operad over general 
categories, it would require extra structure on the ambient symmetric monoidal category (%f, 0), which the 
examples above possess. To avoid needless technicalities, we shall instead define versions of the Barratt- 
Eccles operad over each of our ambient categories, and take for granted that they are all "E'oo-operads" in 
this general sense. For a very clear treatment of -Eoo-operads and algebras in the category of chain complexes, 
see [6]. 

Definition 7. Let i^ ca t denote the operad in the category Cat, where £> ca t(m) is the category ES m . That is, 
the objects of S> ca ±{m) are the elements of S m , and for each pair of objects, cr, r, there is a unique morphism 
To --1 from o~ to r. The structure map 5 in ^ ca t is a functor defined on objects by: 

5 : ^cat(m) X ^cat(fcl) X ... X ^cat(fcm) ► @cat(k), where k = ^ k i 

(<7,ti, . .. ,T m ) h-> a{fci, . . . ,k m }(n e . .. ©T m ) 

The action of S!ff on objects of £^ ca t(m) is given by right multiplication of group elements. 

Remark 8. We are following the notation of May for our operad ^ cat (See [SJ, Lemmas 4.3, 4.8). May's 
notation for @ c &t( m ) 1S S m , and he defines the related operad 3> over the category of spaces, as the geometric 
realization of the nerve of E. The nerve of ^ ca t is generally known in the literature as the Barratt-Eccles 
operad (See [2J, where the notation for N2) cat is T). 

We end this section with one very nice result about permutative categories. 

Proposition 9. If H is a permutative category, then ^ admits the structure of a S$ ca ±- algebra. 

Proof. The structure map is a family of functors, 9 : @ C a,t(m) x ^ m —> t defined on objects and morphisms 
as in Diagram[TJ Note, T TrT -i is the map that permutes the components according to the permutation rer -1 , 
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using the symmetry transformation of c € . 

(a, Ci, . . . , C m ) 



(1) 



ra 1 xf 1 x...xf„ 



-)■ C CT -i(i) ... Co-i( m ) 

/ ff - 1 (l)®---®/,T- 1 (m) 
-Dct-^I) ■■■ Ax-ifm) 



, D m ) > A— !(!) ■ ■ • D T -i( m ) 



We just need to verify that satisfies the expected equivariance condition. This condition is easily veri- 
fied on objects, as 9(aT,d, . . .,C m ) = C( CTT )-i (1 ) ... C ((JT )-i( m) = CV-i^-i^)) . . . C T -i [a -i( m)) = 
(<r, C T -in), . . . C T l ( m )). The verification on morphisms is similarly straightforward. □ 



3. Operad-Module Structure 

In order to best define the Eoq structure of A, we will begin with an operad-module structure over the 
category of small categories, then induce this structure up to the category of fc-complexes. 

Recall, AS + is the category containing AS as full subcategory and containing an initial object [—1], rep- 
resenting the empty set. As noted in Section 1 of pQ, AS + is isomorphic to the category of non- commutative 
sets, J'(as). The objects of ^(as) are the sets 0, 1, 2, . . ., and the morphisms are set maps together with total 
orderings of each preimage set [llj . 

Definition 10. Define for each m > 0, a category, J^at('m-) := \m — 1] \ A5+ = m \ 5F(as). 

Identifying AS+ with !F(as), we see that the morphism {(f), g) of AS+ consists of the set map <p, pre- 
composed with g -1 in order to indicate the total ordering on all preimage sets. Thus, precomposition with 
symmetric group elements defines a right iS^-action on objects of m \ [F(as). When writing morphisms of 
$(as), we may avoid confusion by writing the automorphisms as elements of the symmetric group rather 
than its opposite group, with the understanding that g £ Mor9 r (as) corresponds to g~ x £ MorA£+. In this 
way, J^ a t becomes a functor S op — » Cat. 

J^ a t(m) x S m -> J^ a t(m) 
(<ti,g).h := (<f>,gh) 

Let m,ji,j2j ■ ■ • ,jm > 0, and let j — ^2j s - We shall define a family of functors, 

m 

( 2 ) M = thn,ju...,j m : ^cat(m-) X J^ at (j s ) ► ^at(j)- 

s=l 

For compactness and clarity, some notations are in order. Let to = {1, 2, . . . , to} as ordered list, along with 
a left S m action, tto := {t _1 (1), . . . ,r (m)}. Then for any permutation, tto, of the ordered list m, and 
any list of to numbers, {ji, ■ ■ ■ , j m }, the set {jV -1 (i)) • • • j jV -1 (m)} wm be denoted j rm . Furthermore, if 
f\, h, ■ ■ ■ , fm £ Mor^as), denote f® m := / T -i(i) ■ ■ ■ fr-^m)- If 91,52, ■ ■ ■ , 5™ G Mor^as) (and each ,g.; 
is composeable with /j), then denote (j™/„) := ff T -i(i)/ T -i(i) ... S , r- 1 (m)/r- 1 (m)- 

In the following, assume morphisms /; and g^, for 1 < z < to have specified sources and targets: ji — » 
Pi ^ 9i- Now, using the above notation, define fi on objects by, 



(3) 



/i, /a, • • • j /m) := Cr{p 1 ,p 2 , ■ ■ ■ ,Pm}(/l /a • • • /m) = 0"{Pm}.#|- 
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Define fi on morphisms by: 

O, h, ■ ■ ■ , fm) ► v{Pm}ti 



(4) 



rcr i xgiX...xg„ 



(T, gifl, . . . , g m frn) ► T{9m}(5m/m) ( 



It is useful to note three properties of the block permutations and symmetric monoidal product in the 
category ]J m > J^at (m) . 

Proposition 11. J. For er, r S SVn, and non-negative p\,p2, ■ ■ ■ ,p m , 

(o"r){p„J = a{p T m}T{Pm}- 

2. For a G SV™, and morphisms gi G Morgr( as ) (pj , g,), (1 < i < m), 

vUinjg^ = sL^K}- 

5. For morphisms ji ~^ Pi ^ lit (1 < * < m), 

(ff m /m ) ® = g m fm- 

Proof. Property 1 is a standard composition property of block permutations. See [6], p. 41, for example. 
Property 2 expresses the fact that it does not matter whether we apply the morphisms gi to blocks first, 
then permute those blocks, or permute the blocks first, then apply gi to the corresponding permuted block. 
Finally, property 3 is a result of functoriality of the product 0. □ 

Using these properties, it is straightforward to verify that /x is a functor. Our goal for the remainder of 
this section is to prove: 

Theorem 12. The family of functors p defines a & cstt -module structure on J^ a t- 

The proof will follow from a technical lemma. First, let M be a monoid with unit, 1. Let 3£^M := 
N(— \ A5+) xas+ B* + M. This construction is analogous to the construction ^T* of [T], Section 4, only 
using AS + in place of AS. 

Lemma 13. X^M. is the nerve of a permutative category. 

Proof. Consider a category TM whose objects are the elements of JJ n>0 M n , where M° is understood 
to be the set consisting of the empty tuple, {()}. Morphisms of TM consist of the morphisms of AS+, 
reinterpreted as follows: A morphism / : [p] — > [q] in AS* will be considered a morphism (m®, mi, . . . , m p ) — ► 
/*(mo,rrai, . . . , m p ) G M q+ . The unique morphism t n will be considered a morphism () — » (1, 1, . . . , 1) G 
M n+1 . The nerve of TM consists of chains, 

(mo, . . . , m n ) -^-> /i(mo, ■ • • , m n ) . . . /,;... /i(m , . . . , m n ) 
Such a chain can be rewritten uniquely as an element of M n together with a chain in NAS. 

([n] A [m] ^ ... ^ [m] , (m , . ■ • , m„)J , 

which in turn is uniquely identified with an element of M: 

([n] ^> [n] ^ [n{\ ^ . . . A [n*] , (m , . . . , m n M 

Clearly, since any element of 3£^M may be written so that the first morphism of the chain component is 
the identity (cf. PQ, Remark. 14), iV(TM) can be identified with 3T+M. 
Now, we show that TM is permutative. Define the product on objects: 

(mo, . . . , m p ) (n , ■ ■ ■ ,n q ) := (m , . . . , m p , no,..-, n q ). 

Now, by p], Prop. 4, AS+ is permutative. Use the product of AS+ to define products of morphisms in 
TM. Associativity is strict, since it is induced by the associativity of in AS+. There is also a strict 
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unit, the empty tuple, (). The symmetry transformation (i.e., s : — > ©T is defined on objects by block 
transposition: 

Sp. q : (m , • ■ ■ , to p ) (n , . . • ,n q ) — > (no, . . . , n g ) (m , . . . , m p ) 



(mo, . . . , m p , n , ... , n g ) i-> (no, . . . , n q , mo, . . . , nip). 



□ 



Let X = {xi}i>i be a countable set of formal algebraically- independent indeterminatcs, and J(X+) the 
free monoid on the set X + :=IU {1}. The category 7J(X + ) is permutative, so by PropGE 7J(X + ) admits 
the structure of ^ cat -algebra, with structure map 9. We may identify: 

]J (Jf cat (m) x Sm X m ) = 7J(X+), 

m>0 

via the map (f,x il ,Xi 2 , . . . ,Xi m ) i— > f(x il ,Xi 2 , . . . ,Xi m ). The fact that J(-X"+) is the free monoid on X + 
ensures that there is a map in the inverse direction, well-defined up to action of the symmetric group S m . 
Note, the action of S m on X m is by permutation of the components {xi 1 , Xi 2 , . . . , Xi m }. 
Next, let m,ji,j2, • ■ ■ ,jm > 0, and let j = Y^Js- Furthermore, let 

X s = (xj 1 +j 2 +...+j s _ 1 +i, . . . , Xj 1 +j 2 +...+j s )- 

m rti 

We shall define a functor a = a m j u ... ijm : & cat (m) x 

s=l s=l 

This functor a is defined on objects and morphisms according to the following diagram: 



(a,/i,/ 2 ,.../ m ) — - — > u n(/ s >^ 



TCT XJiX...XJ„ 



Ttr x (gi xicF 1 ) X ... X (g m xid Jm ) 



(T, 31/1,32/2, ■ ■ • ,9mfm) > T, J|(.g s / s ,X s ) 



s=l 



Let inc be the inclusion of categories: 



znc : i^cat 



(m) X (J£at0«) x s JS — * ^cat(m) X 



s=l 



i>0 



induced by the evident inclusion of for each s, Jtf c& t{js) x s jg X-*' <^-» J^J (^at(i) x S 4 • Let ao be the func- 



i>0 



tor J^ a t(j) — * J&atU) x Sj X\ defined by a (f) = (f,Xi,x 2 ,...,Xj), and inc be the inclusion Jf CB ,t(j) x s 3 

Xi ^ II (^cat(i) X Si X 4 ). 
z>0 
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Next, consider the following diagram. The top row is the map p of Eq. ([3]), and the bottom row is the 
operad-algebra structure map for 7J(X + ). 



t(m) X JJ J^atO's 



(5) 



t (m) x 



=^at(j) 



t (m) ■ J[ (-^ „:;./-: x Sjj I j " 



Xat(j) X Sj A 



]J(jr cat (i) x Si x i 



U X Sj X 1 



i>0 



I claim that this diagram commutes. Let w := (a, fx, . . . , f m ) G @ C at(m) x YY S 
Following the left-hand column of the diagram, we obtain the element 



=1 -^ca,t(j s ) be arbitrary. 



(6) 



a(w)= [a, ]J(f s ,X s ) 



s=l 



It is important to note that the list of all x r that occur in expression ([6]) is exactly {xx,X2, 



j} with no 



repeats, up to permutations by Sj 1 



x Sj m . Thus, after applying 8, the result is an element of the form 



9a(w) = (F, x\, X2, • ■ ■ , Xj), up to permutations by Sj. So, 8a(w) is in the image of ao, say 8a(w) = cto(v). 
All that remains is to show that /i(w) = v. Let us examine closely what the morphism F in the formula for 
9a(w) must be. a(w) is identified with the element (a, Yl^Li fs{X s )) of ^ ca t(w) x [TJ(A" + )] m , and 8 sends 
this element to 8a(w) = Q™ =1 fa- 1 (s)(X a -i( s ))- Now 8a(w) is interpreted in J^ a t(j) x^^ X^ as follows: 



Begin with the tuple (x\,X2,. 



j). This tuple is divided into blocks of sizes ji, .. . ,j m , (Xi, 



, X T 
■ ,P; 



)• 

4 

as 



Apply /i ... f m to obtain fi(Xi) © ... f m {X m ). Finally, apply the block permutation a{pi, . . . 
to obtain the correct order in the result (see Fig. |T|) . This shows that F — cr{pi, ■ ■ ■ ,p m }(fi ©•••©/) 
required. 

We now proceed with the proof of Thm. [T2] 

Now that we have the diagram ([5]) , it is straightforward to show that fi satisfies the associativity condition 
for an operad-module structure map. Essentially, associativity is induced by the associativity condition of 
the algebra structure map 8. All that remains is to verify the unit and equivariance conditions. 

It is trivial to verify the left unit condition (and there is no corresponding right unit condition in an 
operad-module structure). Note, the unit object of ^ ca t(l) is the identity element of 5*1. 

Finally, specify the right-action of p G Sj on J^at(j) as precomposition by p. That is, f.p := fp for 
/ G j \ J (as). For clarity, we include the routine check that verifies the equivariance condition on the level 

fi 

of objects. Let fi G J^ a t(ji) (for 1 < i < m) have specified sources and targets, ji pi. The following 
diagrams commute by the properties stated in Prop. QT] 
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• 2/1 



• Vpi 

• Vpi+i 



•V P 2 



fi(Xi) 



h(x 2 ) 






/ CT - 1 (2)(^- 1 (2)) 

© 



• x j m -l+l 



> y Pm - 1 +i 



•Vpn 







frn{X m ) ' fa- 1 (m)( X a- 1 (m)) 



fi • • • /„ 



CT{j5l,...,Pm} 



Figure 1. 9a(<r, /i, . . . , /,„), interpreted as an object of J^at(j) Xj 



Equi variance A: 



(CT, /l, • • • , /to) I- 



idxT T 



"> (O", / T -i(l), • • • , /r-i(m)) 



t xid" 



(<7T , /l, . . . , / m ) 



r{j m } 



(ctt){Pto}/® Cr{p r TO}T{p™}/® = T{p T21 }/f m r{jTO} 
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Equi variance B: 



,/ro) I" 



-> O {Pm}fn 



id X Tl X . . . X T„ 



(a, /m, . . . , / m T m ) I > CT{Pm}(/m-rm) C ' 



Remark 14. It turns out that Jt^at is in fact a pseudo-operad. Recall from [6] that a pseudo-operad is a 
'non-unitary' operad. That is, there are multiplication maps that satisfy operad associativity, and actions 
by the symmetric groups that satisfy operad equivariance conditions, but there is no requirement concerning 
a left or right unit map. The multiplication is defined as the composition: 

rn m 
=Xat(m) X Y[ ^at(js) ^cat(m) X ]^[ Xc^j s) J^at(jl + ■ ■ ■ + jrn), 

s=l s=l 

where tt : J£^ a t(m) — > £^ ca t(w) is the projection functor defined as isolating the group element (automor- 
phism) of an ^(as) morphism: ir(cj),g) := g. Indeed, tt defines a covariant isomorphism of the subcategory 
Aut (m \ ^(as)) onto ^ cat (m). 

4. Inducing the Operad-Module Structure to the Level of Chain Complexes 

Now that we have a ^ ca t-module structure on J£^ a t, we shall proceed in steps to induce this structure to 
an analogous operad-module structure on the level of ^-complexes. First, we shall require the definition of 
lax symmetric monoidal functor. The following appears in [14j , as well as [12) . 

Definition 15. Let "if, resp. c € l 1 be a symmetric monoidal category with multiplication 0, resp. □. Denote 
the associativity maps in resp. by a, resp. a', and the commutation maps by s, resp. s' . A functor 
F : & — > is a lax symmetric monoidal functor if there are natural transformations / : FA □ FB — > 
F(A B) such that the following diagrams are commutative: 



(7) 



FA □ (FB □ FC) 



(FA □ FB) □ FC 



id □ / 



> FA □ F(F C) 



■+ F(Aq(BqC)) 



/□id 



> F(A OB) □ FC 
/ 



-> F((A0B)0C) 



(8) 



FA □ FB 



FB □ FA 



> F(AQB) 



Fs 



-4 F(F A) 



If the transformation / is a natural isomorphism, then the functor F is called strong symmetric monoidal. 



Observe that the nerve functor N : Cat — > SimpSet is strong symmetric monoidal with associated 
natural isomorphism, S* : Nstf cat x N& cat — > TV (s^ cat x 33 C a,t), defined on n-chains via: 

r A /l A h fn A ID 91 r, 92 9n „ \ S n , A n \ fl*9l /»Xfc 

Aq — ► A\ — » . . . — > A„, i3o — * oi — > 



->B n ) h4 (A ,F ) — > 



(A n , i3,j 



fc-SimpMod is also strong symmetric monoidal, with 
• k[^/ ss x ^ ss ], defined degree- wise: 



The fc-linearization functor, k[— ] : SimpSet 
associated natural isomorphism, /c[^ s ] ®k[3$ ss ] - 

k[{^ ss ) n ] 0fc[(^ ss ) n ] fc[04) 

n X (£§ss)n\ — ^[(^s X <^ss)n\- 

Finally, the normalization functor, N : fc-SimpMod — » fc-Complexes is lax symmetric monoidal, with 
associated natural transformation being the Eilenberg-Zilber shuffle map (see |13j). 

Sh : Ksrf sm N@ am — * N (^ sm 



HOMOLOGY OPERATIONS IN SYMMETRIC HOMOLOGY 



11 



Now, define the versions of 2> ca ± and Jff ca ,t over the various symmetric monoidal categories we are consid- 
ering: 

% s = N® cat je ss = Njf cat 

^sm — ^ [^ss] "^sm ■ ^ [ e ^ssj 

@eh - ^ sm jT ch = « m 

Remark 16. Observe that for each m > 0, £^ c h is a contractible fc-complex. Thus is an E^-operad in 
the sense of May [TU] • By analogy, we would like to say that the operads ^ cat , 3> ss and ^ sm are in their 
ambient categories, however a precise definition of over general categories does not yet exist. 

Lemma 17. Let ', 0, e) and ("f^', □, e') be symmetric monoidal categories, and F : — > ^" a /ax symmetric 
monoidal junctor with associated natural transformation f . Moreover, suppose that e' = Fe. 

1. If 3? is an operad over ^ ' , then F is an operad over < €' . 

2. If 3^ is an operad and is a & -module over ^ , then F^# is an F 3? -module over 

3. If £P is an operad over ^ and Z 6 Obj^ is a 3? -algebra, then FZ is an F & -algebra over c <o" . 

Proof. Note that properties ([7]) and ([8]) imply that the associativity transformation a' and symmetry tran- 
formation s' of c £' can be induced by the associativity transformation a and symmetry transformation s of 
^ . That is, all symmetric monoidal structure is carried by F from c (§ to 

Denote by f m the natural transformation induced by / on m + 1 components: 

f m : FA B FAt □ . . . □ FA m -» F(A A 1 ... A m ). 

Technically, we should write parentheses to indicate associativity in the source and target of f m , but prop- 
erty ([7]) and the coherence of the associativity maps in symmetric monoidal categories makes this unnecessary. 
Let 3? have structure map 7. Define the structure map 7' for F 3 d : 

7' := F 7 o f m ■ F3*(m) □ F<?( 3l ) □ . . . □ F&{j m ) — * F<?(h + ...+ j m ). 

If 3P has unit map rj : e — > 3^(1), then the unit map of F^ will be defined by 77' := F77 : e' — > F3^{1). The 

action of S„ on F,^ 1 is induced from by viewing F^ 2 as the composite S op — ► ^ — ► 'Sf . 

Now, verifying that the proposed structure on F 3? defines an operad is straightforward but tedious, and 
so the required diagrams are omitted. 

Assertions 2 and 3 are proved similarly. □ 

Corollary 18. The structure map fi of Thm. \TM induces a structure map fx* on the level of chain complexes, 
making J^h into a £> c h-module. 

% : @ch(m) J^chO'l) ■■■ JfchUm) ~> XihO'l + ■■■+jm)- 

Proof. Since J^ a t is a £^ ca t-module, and the functors N, k[— ] and N are symmetric monoidal (the first two 
in the strong sense, the third in the lax sense), this result follows immediately from Lemma fl7l □ 

5. Fqc-Algebra Structure 

In this section we use the operad-module structure defined in the previous section to induce a related 
operad-algebra structure. 

Definition 19. Suppose 0) is a cocomplete symmetric monoidal category. We say distributes over col- 
imits, or 'rf is a distributive symmetric monoidal category, if the natural map colim(F> Cj) — > B colim Cj 

is an isomorphism. 

Remark 20. All of the ambient categories we consider in this paper, Cat, SimpSet, fc-SimpMod, and 
fc-Complexes, are cocomplete and distributive. 

Lemma 21. Suppose (%?,©) is a cocomplete distributive symmetric monoidal category, 3 d is an operad over 
% ', Jz? is a left ^-module, and Z £ Obj^. Then 

Sf(Z) := U JSf (m) Sm Z &m 

m>0 

admits the structure of a 3? -algebra. 
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Remark 22. The notation Jf(Z) appears in Kapranov and Manin [5J. The concept is also present in [5] as 
the Schur functor of an operad ([6], Def 1.24), S_$?(Z). 

Proof. What we are looking for is an equivariant map (Jzf (Z)) — * Jzf (Z), that is, a map 



n>0 



jj if(m) Sm Z 



©m 



m>0 



On 



\\ JS?(m) Sm Z 0m , 



m>0 



satisfying the required associativity conditions for an operad-algebra structure. 

Observe that the equivariant product ©s m may be expressed as the coequalizer of the maps corresponding 
to the S m -action. That is, 

© Sm Z &m = coequalizer {cr -1 cr} , 

creSm 

where cr -1 a : j£f (m) Z Gm — > Jzf (m) Z 0m is given by right action of cr -1 on Jzf (m) and by permutation 
of the factors of Z 0m by cr (See [6], formula (1.11)). Thus, Jzf(Z') may be expressed as a (small) colimit. 
Since we presuppose that distributes over all small colimits, it suffices to fix a non-negative integer n as 
well as n non- negative integers mi, m.2, ■ ■ ■ , m n , and examine the following diagram: 

0»(n) ([jSf(mi) Z 0mi ] ... [jz*(m„) Z 0m "]) 



(n) (JSP(mi) ... JJf (m„)) (Z 0mi ... Z 0m ") 
JSf (mi + . . . + m„) (Z 0mi ... Z 0m ") 



JSf(mi + . . . + m n ) z (" ll +-+ m ") 

In this diagram, T is the evident shuffling of components so that the components Jzf(mj) are grouped 
together, \x is the operad-module structure map for Jzf , and a* stands for the various associativity maps that 
are required to obtain the final form. This composition defines a family of maps 

n 

77 : 5»(n) O [-^(n*i) © Z ° m '] — "» + • • • + ™») © Z ( mi+ -+ m "). 

i=i 

The maps r\ pass to -equivalence classes, producing a family of maps: 

n 

fj : 5»(n) O [ jSf ( m i) Q s m , ^° mi ] — + • • ■ + "*») ©s mi x...xs m „ Z (™ 1+ -+ m "). 

s=i 

Now suppose M is a right (S'„ ll +...+ TOl J-object, and AT is a left (S' mi +...+m„)-object. Let p be the projection 
map, M 0s mi x...xs m „ Af — > M ©s mi+ ... +mn N. Define the family of maps, \ -—poi], 



X. 



i) © © [jSf(nn) Smi Z Qm >] — > JSf( mi + . . . + m„) SmiH 



At this point, we have a structure map \ defined for each n: \ '■ ^(n) [Jzf(Z)] ™ Jzf(Z). Since Jzf 
is a left ^-module, x is compatible with the structure maps of Equivariance follows from external 
equivariance conditions on Jzf as ^-module, together with the internal equivariance relations present in 
Jzf (mi + . . . + m„) 0s mi+ +mn 2 ( mi +— + m »), inducing the required operad-algebra structure map 



X : &{n) 0s„ \S£(Z)\ 



Qn 



jSf(Z). 



□ 
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Now we return to &+A = k[N(—\AS + )] <S>as + Bt vm+ A, the fc-simplicial module that computes HS*(A). 
Observe, we may identify: 

k[N{- \ AS+)} ® Au tAS + BV m+ A = 0^ ffi (n) ®s„A § " = J^ m (A). 

n>0 

(Note, A is regarded as a trivial simplicial object, with all faces and degeneracies being identities.) 
Lemma 23. J^ m (A) has the structure of an E^-algebra over the category of simplicial k-raodules, 

Proof. This follows immediately from Lemma |2"T1 and the fact that fc-SimpMod is cocomplete and distribu- 
tive. □ 

Remark 24. The fact that J^ a t is a pseudo-operad (See Remark |T4"|) implies that Jff ss and are also 
pseudo-operads (c.f. Lemma HT]) . Now, the properties of the Schur functor do not depend on existence of 
a right unit map for J(f sra (c.f. [5], P- ??), so we could conclude immediately that &jf sm (A) — J^ sm (A) is a 
'pseudo-operad'-algebra over J€ STa . However it is rather tricky to prove the J^ a t is a pseudo-operad. 

Lemma 25. The < 3t sra _-algebra structure on J(f sm (A) induces a quotient S> S m-algebra structure on 'W^' A, 

X ■■ %m {% + A) — ► 9? A 
In other words, A is an Eoc-algebra over the category of simplicial k-modules. 

Proof. We must verify that the structure map x from Lemma [231 is well-defined on equivalence classes in 
'S^A. Let x be defined by applying x to a representative, so that we obtain a map 

X ■ %m{n) g Sn (W+Af n — &+A. 
It suffices to check x is well-defined on 0-chains. Let /j, gi , for 1 < i < n, be morphisms of 5"(as) with specified 
sources and targets, A pi ^> qi. Let be a simple tensor of A® m \ that is, Vi := ai (8> 02 ® . . . ® a mi for 
some a s G A. Let cr 6 S n . 4m(n) ®s n (£9C + A)® n is generated by 0-chains of the form: 

(9) a § (ffi/i <8> Vi) § . . . § V n ) . 

The map x sends the element © to cr{g„}(g„/„) <g> VJf , where V^f := Vi ® . . . ® F n e A®( mi +-+ m "). 
On the other hand, element © is equivalent under Mor (3 r (as))-equivariance to: 

(10) CT® (gi ®/i(Vi)) § ... § (jnK/n^)), 

and x sends this element to: a{g„} 5 | (8 [/„(F„)]® = <7{g„}<?° <g> [(/„)©] (V®) » a{ 9 „} 3 ® /f ® V® = 
cr {5'n}(9n/ri) <8 VJ® . This proves x is well defined, and so "S^A admits the structure of a ^ sm -algebra. □ 

Theorem 26. The S> sm -algebra structure on *3^ + A induces a S)^- algebra structure on Jity^ A (as k- 
complex). 

Proof. Again since the normalization functor N is lax symmetric monoidal, the operad-algebra structure 
map of <ty^~ A induces an operad algebra structure map over fc-complexes: 

X : ^ch(n) ®s„ (W+A)®" -> 

□ 

6. Homology Operations 

Recall, for a commutative ring k and a cyclic group ir of order p, there is a periodic resolution of A; by 
free kw- modules (cf [7J, [1]): 

Definition 27. Let r be a generator of 7r = C p , let jV = 1 + r + . . . + t p ~ 1 , and let W^j be the free fc7r-module 
on the generator e^, for each i > 0. Then (W 7 *, d) is a free resolution of where (i is defined by: 

d(e 2 »+i) = (r - l)e 2 , 
d(e 2l ) = Ne 2 i-i 
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In what follows, we shall specialize to p prime and to k = TLjpTL (as a ring). Let tt = C p (as group), and 
denote by the standard resolution of A; by fc7r-modules, as in Definition [27l Recall, 3> c \i{p) is a contractible 
A:-complex on which S p acts freely. Embed n «— > S p by r >— > (l,p,p— 1, . . . , 2). Clearly 7r acts freely on & c h{p) 
as well. Thus, there exists a homotopy equivalence £ : W* — > £F c h(p). 

Observe that the complex N^+A computes HS*(A), since it is defined as the quotient of A by 
degeneracies. By Thm. I2"r?l JiW^A, has the structure of i^-algebra, so by results of May, if x is an element 
of H*{JS<3f+A) = HS*(A), then e, <g> a;®? is a well-defined element of H* (W ® k7r We then use 

the homotopy equivalence £ : W* — ► ^ c h(p) and ^ch-algebra structure of to produce the following 

map. Define k as the composition: 



(W ® k „ {TiST+Ay^^^H, (@ ch ( P ) ® fcw (W+A)^) ^ > #*« + ^) 



This gives a way of defining homology (Dyer-Lashoff) operations on HS*(A). Following definition 2.2 
of [7], first define the maps Dj. For x S HS q (A) and i > 0, define 

(11) A(x) := k (e 4 e FS pg+l (A). 

Definition 28. If p = 2, define: 

P a : ff$ g (A) frsr g+a (A) 
v ; \ D a - q (x) if s > q 

If p > 2 (i.e., an odd prime), let 

/ \ , <i( g -i)iP-i) r/p- l \ ,i g 

k?) = (-i) + 4 K^-J ! 

and define: 

if 2s < q 

KoO-Dps-gXp-i) (a;) if 2s > g 

/3P S : /TS,(A) -> ffV 2!(p 4)-i(^) 



£P s (x) 



if 2s < g 

^(g)£' (2s _ 9 ) (p _ 1) _ 1 (x) if 2s > g 

Note, the definition of v(q) given here differs from that given in [7] by the sign (— l) s in order that all 
constants be collected into the term v{q). 



7. Algebra Structure of HS*(A) 

As a corollary of Thm thm.Y-operadalgebra-complexes, we obtain a well-defined multiplication on the 
graded fc-module, i>o HSi(A). 

Theorem 29. HS*(A) admits a Pontryagin product, giving it the structure of associative, graded commu- 
tative algebra. 

Proof. Let [x] and [y] be homology classes in HS r (A). Choose any 0-chain c S & c \ x (2) corresponding to the 
generator of 1 S Hq (£^ c h(2)) = k. Now, the product [x] ■ [y] is defined to be the image of c ® x <E> y under the 
composite: 

^ ch (2) ® W+A (8) W+A — ► ^ ch (2) ® fc[ s 2 ] (W+A ® Ji&+A) W+A 

The choice of c does not matter, since ^ c h(2) is contractible. Indeed, since each @ c h(p) is contractible, 
Thm. [26l shows that J-i'W^ A is a homotopy- everything complex, analogous to the homotopy-everything spaces 
of Boardman and Vogt [3j. Thus, the product defined here is associative and commutative in the graded 
sense on the level of homology (see also May [8], p. 3). Note, in what follows, the product map will simply 
be denoted \. □ 
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Remark 30. The Pontryagin product of Thm. [21] is directly related to the algebra structure on the complexes 
Sym^ of [I], Sect ion 8.5. Indeed, if A has augmentation ideal I which is free and has countable rank over 
k, and I 2 = 0, then by Cor. 76, the spectral sequence of Cor. 83 would collapse at the E\ stage, giving: 

HS n {A) ^0 H n (E*G u ® G Jym i J' ) ;k). 
p>o ueXf+VSp+i 

The product structure of Symf^ may be viewed as a restriction of the algebra structure of HS* (A) to the 
free orbits. 

Corollary 31. Let A be a unital associative k-algebra. If the ideal generated by the commutator sub-module 
is equal to the entire algebra (i.e. {[A, A]) — A), then HS*(A) is trivial in all degrees. 

Proof. Thm. 103 of pQ gives HS {A) = A/ ([A, A]), so HS (A) is trivial. Now for any x e HS q (A), we have 
x = 1 • x = • x, using the Pontryagin product of Thm. [5U □ 

Remark 32. It was pointed out in pQ, Remark 105, that symmetric homology fails to preserve Morita 
equivalence based on the fact that HS (M n (A)) = M n (A) / ([M n (A) , M n (A)]) = 0, for n > 1. Corollary [311 
shows the failure in a big way: HS* (M n (A)) is trivial for n > 1. 

Proposition 33. The product of Thm. [IPl when restricted to HSq(A) ®HSq(A) — * HSq(A) is the standard 
algebra multiplication map A/ ([A, A]) ® A/ ([A, A]) — ► A/ ([A, A]). 

Proof. Examine the partial chain complex <— A & N^ + A It is straightforward to verify that d\ 

collapses the module of 0-chains to those of the form ([0] — -> [0]) ® x (for x G A). The product of such an 
element with another typical element, ([0] — * [0]) ® y yields ([1] — > [1]) <g> (x ® y) ~ ([0] —* [0]) ® xy. □ 

Note that by working with the partial complex of pQ, Thm. 102, an explicit formula for the product 
HSq(A) ® HSi(A) — > ^^(jd) can be determined. For convenience, Thm. 102 is displayed below: 

Theorem 34. (Thm. 102 of [TJJ HSi(A) for i = 0, 1 may 6e computed as the degree and degree 1 homology 
groups of the following (partial) chain complex: 

(12) 0< — A<^A®A®A<??-(A®A®A®A)®A, 
where 

d\ : a ®b® ci-» afcc — c6a, 

a f a ® b ® c® d i ^ a6 0c(X>d + d(8)ca(g)6 + 6ca (g)l®d + c?®6c(g)a, 
2 '|a 1 ® a (8) 1. 

Proposition 35. For a unital associative algebra A over commutative ground ring k, HSi(A) is a left 
HSq( A) -module, via the map A/ ([A, A]) ® HS\(A) — > HSi(A) given by, 

[a] ® [x ® y ® z] i— > [ax ® y ® z] — [x ® ya ® z] + [x ® y ® az] 

Here, elements of HS±(A) are represented as equivalence classes of elements in A® A® A, via complex H !'£) ). 
Moreover, there is a right module structure, HS\{A) ® HSo(A) — ► HS\(A) given by, 

[x ® y ® z] ® [a] h- > [xa ® y ® z] — [x ® ay ® z] + [x ® y ® za] , 

and the two actions are equal. 

Remark 36. This module structure was first discovered on the chain level before the Pontryagin product was 
discovered. Below is the explicit derivation using Thm. l29l 

Proof. Our goal will be to set up an explicit equivalence between the partial complex (|12p and the standard 
complex A, at least up to degree 1, then use the shuffle map to find an explicit formula for the product 
in the standard complex, and finally to tranfer the result back to complex ()12j) . Below is a diagram of what 
must be done. Denote complex (JX2J) by SP^A, and let J 2 ** be the partial projective resolution underlying the 
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complex (pQ, complex (68)). As in pQ, ^ + will denote the projective resolution of k underlying the complex 



F, 



induces 



&*A 

F, 



G, 



iduces 



M\F, 



The last set of chain maps are equivalences between the normalized complexes. Now, the product of 
chains can be found by traversing the following diagram counter-clockwise: 

S> ch (2) ® (N^A)® 2 ► "H&.A 



id®(HF„) C 



(13) ^ ch (2) ® (749? A) 



si, 



52 X 



4 



X(^ sm (2)§ (^+A) 




The tedious part is writing down the explicit partial chain equivalences, F* and G*. Fix an integer n. The 
top row of diagram [TH is the partial projective resolution at the object [n], and the bottom row is the 
standard projective resolution at the object [n]. The 0-modules in degree —1 are omitted. 



* [Mor AS ( W , M k [Mor AS ([»], [2])] +±- ^J^f 



(14) 



k[N(\n]\AS, 



k[N([n]\AS + ) 1 ] 



do 



k[N([n}\AS+) 



Set F : k [Mor A s (H, [0])] — > k [N ( [n] \ A5+) ] as the identity (that is, the morphism <f> : [n] -> [0] gets 
sent to itself, regarded as a 0-chain in nerve of the under-category). For any integer m, let m be the unique 
order-preserving AS+ morphism [m] — > [0]. Set Go : k [N Qn] \ AS+) ] — ► k [Mor A s ([n], [0])] as the map 
4> | — * O m 0, where [m] is the target of <fi. 

Now, Go-Fb = id. To ensure FoGo — id, we introduce the homotopy map ho : fc[iV([n] \ A5+) ] — > 
k [N ([n] \ AS+) 1 ], sending <j> to the 1-chain — (0, m ). 

The map F 1 : k [Mor AS ([n], [2])] — > [JV ([n] \ A5+) 1 ] is given by Fi(<£) := (0,z o ziz 2 ) - (0, jssjsijso), 
where the morphisms Z0Z1Z2 and Z2Z1Z0 are written in tensor notation pQ. Briefly, Z0Z1Z2 is simply O2, while 
z 2 ziz is the map [2] — > [0] that reverses the order of the source. 

The map Gi is a bit trickier. Consider a 1-chain (<j),ip) in AT([n] \AS+). Decompose each morphism 
into a morphism of A + and an isomorphism (which can be done uniquely |lj): <f> — (3 o h, ip — a o g. 
Now, h G S n +i- For each n, let Sf„+i be a chosen maximal connected directed tree whose vertices are the 
permutations of n + 1 letters, and whose edges are labeled by a AS-morphism [2] — > [0] that re-orders the 
permutation at the tail to obtain the permutation at the head. See Figure For clarity, we use a, b, c, d in 
place of the formal variables zo, z±, z%, Z3 in the diagram. 

The initial choices involved in constructing Sf n +i do not matter when one passes to the level of homology 
since the difference of any two paths would be a 1-cycle of <^ 21 *, hence also a boundary. Then define Gi by: 

Gi (j3 o h, a o g) := Sum of signed edge labels in the path from h to hg 13 . 
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dacb 




chad 







dcba 


bacd 






Figure 2. One possible choice of % + i 



It should be obvious that both F\ and G\ are compatible with the differentials. What is not obvious is the 
fact that F\Gi ~ id and G\F\ ~ id. For <fi : [n] — > [2], decompose <fi = (3 o h. Then 

G 1 F 1 (ct>) = Gi(/3 o h, 2 o id) -Gx{fi oh,Q 2 o (0,2)) 

= [Path from h to h] - [Path from h to fe(0, 2)^] 
= - [Path from h to h(0, 2) ] 

where (0, 2) £ S 2 +i is just the permutation that reverses the order of the three symbols 0, 1, 2. Now, since 
G F = id, we are free to define a homotopy map H : k [MorAs (N, [0])] — > k [MorAs ([n], [2])] as iJ = 0. 
Thus, what we need is a map Hi : S?\ — > ^2 so that — GiFi(4>) = c>2 -Hi (</>)■ Now, by exactness of 
complex (|12l) . an appropriate choice of the homotopy map i?i exists if and only if <f> — G\Fi((j)) is a 1-cycle. 
This is certainly true, since G\Fx{4>) is nothing more than a decomposition of <fi into a series of morphisms, 
each of which is a 3-block permutation of the n + 1 letters. In a similar manner, it can be deduced that 
FxGi ~ id. 
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We now have all of the ingredients we need to complete the computation. To avoid confusion with the 
indeterminates, we shall use bold letters for elements of the algebra A. Any indeterminates of the form Zi 
occur as part of the tensor notation for AS'-morphisms. Let a e HSPqA and x eg) y eg) z G Ji3P\ . Since we are 
free to choose any 0-chain of @ c h , let c = ids 2 . 

id <g (a) <g (x <g y eg) z) 

id <g> [(z ) ® (a)] (g) [(z <8 «i eg) 22, z .ziz 2 ) ®(x0y®2)] 
-id <g [(zn) (8 (a)] ® {{zq (8 Zi eg) z 2 , Z2Z1Z1) eg) (x eg) y <g> z)] 

(id, id) (g [(z , «o) ® (a)] § [(z <8> Zi eg) z 2 , Z§Z\Zi) eg) (x eg) y <g> z)] 
-(id, id) § [(z , z ) ® (a)] ® [(zq ® £1 ® z 2 , z 2 ziz ) ® (x ® y (g z)] 

Y 

[(z <g> zi (g) z 2 Cg> z 3 , z ig> ziz 2 z 3 ) - (z (g zi (g z 2 <g) z 3 , z (g z 3 z 2 zi)] (g (a (g x (g y (g z) 

NG, 

[(Path from zoZiz 2 z 3 to zqZiz 2 z 3 ) — (Path from zoZiz 2 z 3 to zqz 3 z 2 zi)] ®(a®x®y0z) 



- (z ziz 2 ® z 3 (g 1 + z 3 z (g zi (g z 2 + z 2 zi (g z 3 (g z ) (g (a (g x (g y (g z) 
Now, in 775*1 (A), the last element may be expressed 

(15) [axy (g z <g> 1] + [za (g x (g y] + [yx eg) z (g a] 

It is a fun exercise to show that (fl5|) is equivalent to [xa (g y <g z] — [x (g ya (g z] + [x (g y (g za] . 

The product HSi(A) (g HSq(A) — > i75i(A) can be found explicitly in a similar manner. The fact that 
the two products agree follows from the fact that their difference is a boundary in &*A. □ 

Using GAP, we have made the following explicit computations of the H Sq ( A)-module structure on HSi(A) 
for some Z-algebras, A. 



A 


if Si (A 1 Z) 


i/5o(A)-module structure 


Z[t]/(f) 

m/(t 3 ) 

Z[t]/(i 4 ) 


Z/2Z©Z/2Z 
Z/2Z0Z/2Z 
(Z/2Z) 4 


Generated by u with 2m = 

Generated by u with 2m = and t 2 u = 

Generated by it with 2m = 


Z[C a ] 
Z[C 3 ] 
Z[C 4 j 
Z[C B ] 


Z/2Z0Z/2Z 


(Z/2Z) 4 



Generated by u with 2m = 
Generated by u with 2m = 
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